OPERATING WITH HORISTOLOGIES

TRANDAFIR T. BALAN

Our purposeisto analyze how the horistological structures are to be compared
and derived ones from the others when we correspondingly operate with their
supporting sets.
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INTRODUCTION

The horistological structures are introduced in [1] with the am of developing a
qualitative analysis of super-additivity on the same way on which the topology
generalizes the sub-additivity. Besides the former models consisting of event
spaces (e.g. the Minkowskian space-time of special relativity), the horistological
structures generated by super-additive norms are useful in concave programming
and even in pure mathematical problems like the duality theory (see [2]). Working
with such gructures naturally leads to the comparison and to the construction of
subspaces, products, quotients, etc., which are well known topics for the other
mathematical structures (for topologies see [3], etc.); this justifies our interest in
finding the general rules to operate with horistologies.

For the beginning, we recall some of the basic notions that we deal with, as they
are considered in [1]. A horistology on the non-void set Wis a function

% W= P(2(W))
for which:

[hy] x¢ P whenever Pe y(X)

[hy] If Pey(X) and Q < P, then Qe y(X)

[hs] If P, Q ey (X), then P U Qe y(X)

[hy] For each Pey(X) there exists L e y(X) such that for every ye P and Q € %(y)

wehaveQ c L.
The pair (W, y) iscalled horistological world (or space), and the elements P of y(X)
are named per spectives of x.

STUD. CERC. MAT. (Math. Reports), TOM 46, NR. 2(1994), P. 121-133

1



A uniform horistology (briefly u.h.) on Wisafamily <7< 2?(W?) for which:
[uh] T N"A = for al ne o7, where A ={(X, X) : Xx e W}
[uhy] m e and A < imply A € 7
[uhg] If A, T e, thenh U t e
[uhy] For each © € 7 there exists A € &7 such that for dl o € 7 we have
ADmomandA D ® o m.
The pair (W, /%) isauniform horistological world (space), briefly u.h., and the
elements of <7 are called prospects.
Let (V, y) and (W, x) be horistological worlds. The function f : V—W is discrete
at xe V iff for every Pey(x) we have f (P) ey (f (X)).
If (V, £) and (W, =%') are u.h. worlds, we say that the function f : V>W is
uniformly discrete on V iff for every n € & we have fy(n) e /7, where
fo(m) ={(f(a), T (b)) : (& b) em }.
If (W, %) isahoristological world, then
K(x) = {(x y)eW?: {y} ex(x)} vA
iIsan order on W, called proper order of . Similarly, if 7 isau.h. on W, then
K() =[U{AcW?: L ecs?}] UA
isthe proper order of o7
If o7 isau.h. on W, then the function y ‘W — 22(2?(W)), expressed by
x () ={A[] : A e},
defines a horistology on W. We say that y is generated by <. Of coursg, if 7
generates y, then K (7)) = K(y).

A. The comparison of the horistological structures

The comparison of the horistological structuresis based on the comparison of the
ideals defining these structures.

1. Definition. Let ¢ and ¢ be horistologies on the same set W. We say that y is
finer than ¢ (or @ is coarser than y) iff we have y(X) o ¢(X) a each xe W. In this
casewenotey oo. Smilarly, if 7 and < are uniform horistologies on W, we
say that o7 isfiner than & (respectively < iscoarser than <7) iff o o <.

2. Remark. The relation “finer than” between the (u.) horistologies on W is a
partial order. The examples yo in[1] (I1) B 2aand <7, in[1] (1) A 5ashow that on
any set W there exist the coarsest elements (respectively the coarsest horistology
and the coarsest u.h.) in respect to this order.

3. PROPOSITION. If 7 and < are u. horistologieson W in the relation 7' > <
and y and ¢ are the generated horistologies, then:
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(i)x 2¢ and

(i) K(x) = K(p).

4. Remark. If the proper orders of two (u.) horistologies on W are not comparable
(by inclusion), then also the (u.) horistologies themselves are not comparable (by
fineness). Because the union of two or more orders generally is not contained in
other order, it follows that usually we can not speak of an upper bound of two (u.)
horistologies. Consequently, the family of all (u.) horistologies on a given set W
does not form a lattice. Similarly, we may see that in general there exists no finest
(u.) horistology on afixed set.

5. PROPOSITION. Let y and ¢ be horistologieson W. Then y o ¢ if and only if
theidentical map v : (W, @) — (W, x) isdiscrete on W.

A similar property holds for u. horistologies. It follows a characterization of the
equivalent (u.) horistological structuresin terms of (u.) discreteness.

In the following considerations, according to [1] (I) C3, the term p-horometric
stands for the longer pseudo-super-additive metric.

6. PROPOSITION. Let 6 : TI>R" and p : Q@ —R" be two (p-) horometrics on the
same set W. If [T o Q and if there exists a number k > 0 such that o(X, y) >k p(X, y)
for all (x, y) €Q, then the u.h. generated by  isfiner than that generated by p.

7. THEOREM. If { &/ : i€ J} isan arbitrary family of u.h. on W, then

' ={ n{ni:1ed}: mecHi}
iIsau.h. too. More than this, we have o7 = inf { &/ : i€ J} and
K(c?) = n{K(c3) 1 ie T}.

Proof. For the beginning, let us remark that

*) o =n{cH;.ieT}.
Then it is easy to see that =7 satisfies [uh,] and is an ideal in 22 (WP), i.e. it dso
verifies [uh,] and [uhs]. In order to prove [uh,] let & be an arbitrary prospect of <77
Then e o/ for each ieJ, and because each o7 satisfies [uhy], there will exist
Aiecki,ieTJ,suchthat i onmow; andA; oo om for any o; € ;. Let usnote
A=n{Ai:ieT},; thenobvioudy A; € 7. If ® isanother element of =7, it hasthe
formw = Nn{w; :ieJ}, where w; e /%, andwe have w ot < w; omt < A;, and
To® < Tow; Ai. Because this holds for all ieJ, it followsthat ® ow <A, and
Tow C A, I.e [uhy] istruefor 7.

Showing that </ is the greatest lower bound of the family {7 : ie J} isaso
based on (*) asroutine.

Finaly, because o7 < </ , we have K(c#7" )c K (%) for each ie J, hence
K(c?) < n{K(c7) : i€ J}. Conversdy, if (x, y)e n{K(c7) : i€ T}, then elther
x =Yy, or{(x, y)}ec#; for eachie J. Consequently, (X, y)e K(c#") because either
(X, y)eA, or{(x,y)} . O



8. THEOREM. If {y; : ie J} isan arbitrary family of horistologies on W, then the
function y :\W — 92(2?(W)), defined by
xX) ={P=n{P;i:ieT} P e yi (¥}
isa horistology on W. In additiony =inf{y ;:ieJ} and
K(x) = n{K(x) :ieT}.

As in the proof of the above theorem, we remark that y(x) = n{y (X) : i€ J} at
each xe W, so it isto repeat the stages of that proof.

9. COROLLARY. Although the family of all (u.) horistologies on a given set W
does not form a lattice, each of its upper bounded subfamily has a smallest upper
bound. The problem of constructing this upper bound remains open.

10. THEOREM. Let { &7 : i€ J} be an arbitrary family of u. horistologieson W,
for which 7 ' =inf {7 1 ie 3}. If y; and y ' are the horistologies generated by
</, and respectively 7' theny ' =inf{y:ieJ}. Moreover, if we suppose that
there exists =7 " = sup{ = : ie 7}, then there exists y = sup {y ; : ie J} too, and
it isnot finer than the horistology 5 , which is generated by =7 ”.

Proof. In order to prove the first part of the theorem one may directly show that
' is coarser than each y , and every other horistology having this property is
coarser than y ',

Using Coroallary 9, the affirmation concerning the supremum follows from the
fact that  ” isfiner than each y ; , i.e. " isan upper bound of the considered family
of horistologies. Thusif Pey ; (X) for someie J, there will exist te #; such that
P = n[x]. Because 7" > & for eachie 7, it followsthat te =7, which leads
to Pey "(x). If we remark that x is arbitrary, we may conclude that x ” >y holds
for eachie J. Consequently, thereexistsy =sup{yi:ieJ},andy " oy. <

AsRemark A 4din[1] (I) shows, if we restrict the order on which a p-horometric
is defined, then we obtain another p-horometric. By the following two propositions
we analyze such arestriction in the case of (u.) horistological worlds.

11. PROPOSITION. Let (W, <) be a u.h. space with the proper order K (c7)=I1,
and let QcI1 be another order on W. Then %7/ = {n nQ : ne =%} alsoisau.h.
onW, and K(=#") = Q.

Proof. We may consider the restriction o7 of <% to Q as o7 =inf{ =%, 573},
where c/; isthe u.h. generated by Q \ A likein [1] (I) A 5a, i.e. it isthe principa
ideal 22(Q\ A). &

12. PROPOSITION. Let (W, ) be a horistological world with K(y) =11, and let Q
be another order on W such that Q 1I1. Then the function ' : W — 22(22(W)),
expressed at each xeW by x/ (X) = {P nQ [X] : Pey(X)} asois a horistology on
W, and K (') = Q.



Proof. It iseasy to seethat /= inf {, %1}, where ¥, is the horistology defined by
11 (X) = 2?(Q [X]) at each xe W. &

13. THEOREM. The family of all (u.) horistologies on a fixed set W is inductively
ordered (i.e. every totally ordered subfamily of (u.) horistologies on W has a
smallest upper bound).

Proof. Let us discuss the case of u. horistologies. Thus, let &#= {7 . i€ J} bea
family of u.h. on W, for which we note K(<77) =11, i€ J. If &# istotally ordered,
then the family {IT : ie J} is aso totally ordered by inclusion in 22 (W?), hence
their union IT = U{I1;: ie J} isan order on W too. In this case it is clear that the
uh. o7 = (I1\ A) isfiner than each o/ (snceIl; cI1, and % < PP(I1;\ A)
for each i€ J). In other words, &# is an upper bounded family of u. horistologies,
hence by Corollary A9 it has asmallest upper bound.

The case of (non-u.) horistological spacesis similar. &

14. COROLLARY. According to Zorn’s Lemma, it follows that for each (uniform)
horistology on a fixed set W there exists afiner (u.) horistology, which, at the same
time, isamaximal element in the family of all (u.) horistologies on W.

15. Remark. Coming back to the problem of finding (pseudo-) horometrics that
generate a given u.h., we may reformulate the construction in Theorem [1] (11) A 9
in terms of comparison between u. horistologies. Thus, if 93 is an open base
consisting of exhaustive prospects of <%, o is a (p-) horometric generated by an
element of 93, and =77, denotesthe u. horistology of o, then

o’ =sup{ i, : cisgenerated by an element of 93 }.

In fact, < is finer than each <%, because {(x, y) : o( X, y)>1} is an (open)
prospect of <% . On the other hand, if another u.h. =7~ is finer than each =7,
then 7' o7 because for each A € =7 we may find ¢ and & > 0 such that

Lc{xy):o(xY)>e estscon.

In the subsequent proposition, J will be an arbitrary family of indexes and W will
be a fixed (non-void) set; IT ; denotes an order on W corresponding to i€ J, and
findly, IT= n{IT;:1eJ}.

16. PROPOSITION. If {c ; : ie J} isafamily of p-horometricso; : IT; > R", then
the functional ¢ : IT>R", defined by (X, y) = inf{c; (X, y) :ieJ} alsoisap-
horometric on W. If % and </ are the u. horistologies generated by ¢ and
respectively o i , then o7’ inf { /. ie J}, with equality whenever J isfinite.

Proof. Obviously, IT is an order on W. Showing that ¢ verifies condition (i ') of
Definition [1] (1) C3 also istrivial (perhapsit is more interesting to remark that ¢ is
not necessarily ahorometric, evenif al ¢ ; are).



In order to prove the super-additivity of o it is sufficient to note that for eachie J
and for each (X, y), (Y, 2 €Il we have
oX,y)+toly,2 =inf{c;j(xy):jeT} +inf{ck (Y, 2 :keT} <
<oci(Xy) +toi(y. 2 <oi(X 2,
because the inequalities (X, y) + o(y, 2) < o (X, 2) foradl ieJ imply
o(x,y) to(y,2 < (X 2.

Now, let us show that =7 is coarser than each <7 . In fact, if te o, then there
existsse > 0suchthat m <{(x, y) : o( X, y)=¢&}, hence on account of the expression
of o, weadsohaver <{(x, Y): i (X Yy)>g} foralieJ. Fromrelation o7 c o7,
for arbitrary ie J it followsthat =7'c inf{ % :ieJ}.

Finaly, let us consider that J is finite, or more precisely, 3 = {1, 2, ..., n}. In
thiscase, if 7 iscoarser than each &7 , it followsthat 7~ <= =7 too. In fact, if
necs#  , weobtain te o%; foreachieJ, i.e for eachieJ there exists ¢; > 0
suchthat © <{(X, ¥) : i (X, )= &; }. Noting e = min{ &, &, ..., o} >0, we have
n c{(X V) :o(XY)>¢, hence 7 =inf{cH, SH >, ..., ). &

17. Example. If J is an infinite set in the above proposition, then the strict
inclusion o7’ inf{ </ . i€ J} ispossble, evenif al < are equal. To see this,
let oo be the temporal metric of a Minkowskian space-time E (like in [1] (1) B),
and let us definec , = %co for each neN \ {0}. Then inf {c7, : neN} isthe

Minkowskian u. horistology on E, while &7 is the coarsest one.

B. Induced horistological structures

In this section we will analyze the construction and some properties of the direct
and inverse images of the horistological structures.

1. THEOREM. Let (W, &%) be a u.h. space, and let f : W— M, be an injective
function, where M is an arbitrary set. Then f (c%) = {f, (%) : te 2/} isau.h. on
M, namely the coarsest u.h. for which f isuniformly discrete.

Proof. It isto show that f (%) satisfies conditions [uh,] — [uhy]. In order to prove

[uhy], it is sufficient to recall that for al ( x, y)ene %7 we have x=Y; becausef is
injective, we obtain f (X) = f(y), and consequently An f,(n) = &.
For proving [uh,] let us consider f, (n)ef (c#) and A < f, (). Using again the

fact that f isinjective, we deduce f5 (L), hence f5~ (L)e <. Further, because
A < fo(W?), wehavef,( f5 (L) = A, henced ef (7).

Condition [uh;] isasimple consequence of the equality f, () Uf, (L) =T, (TUA),
which holdsfor al &, A = W?2.



Because each element of f (%) has the form f , (x) for some ne <%, we may
formulate condition [uh,] as follows. For each ne &7 there exists A e o/, such that
for every we o we havef, (L) of,(n)of,(w) and f, (A)2f,(w)of, (n). Let A be
the prospect which corresponds to r by virtue of the fact that <77 satisfies [uhy], i.e.
Aomom and Ao wen for al me o7 . Under the hypothesis that f is injective, we
havef,(w)of, () = fo(won), which achieves the proof of [uh,].

Finaly, reasoning like in Proposition A5, we can easily see that f is uniformly
discrete relative to the u. horistologies 7" on Wand < on M if and only if Zis

finer than f (%), i.e. f (7)) c <. &

2. THEOREM. Let (W, ) be a horistological world, and let function f : W—M,
be injective, where M is arbitrary. Then function ¢ :M— 92(2?(M)), defined by

f(P):P x )} if x=f(x
o(x) = {f(P):Pex( )}_ (x)
{<} if xe f(W)
isa horistology on M, namely the coarsest horistology for which f is discrete on W.

Proof. We verify conditions [h;] — [hs] by going through the same stages as for
the above theorem. The single difference consists in considering two cases, hamely

x ef(W) or not. &

3. Definition. We say that the u.h. f (") in Theorem B1 is the direct image of
the u.h. 7 on M (if necessary we may specify “through f ). Similarly, horistology
¢ in Theorem B2 isthe direct image of the horistology x on M.

The following theorem gives a relation between the direct images of uniform and
non-uniform horistological structures.

4. THEOREM. Let % bean u.h. on W, and let ¢ be the horistology generated by
o/ 1T W—M isinjective, we note by f (%) and ¢ the direct images of c#” and
respectively y on M. Then f(c/%") generates ¢ .

Proof. According to [1] (I1) B2c, we have x(x/) ={n[x] : ne 7} at eachx' eW,
hence

000 = {{f(n[x/]):ﬂeéff} it x=f(x)
{&} if xe f(W).
On the other hand, the horistology v, generated by f (%), hasthe form
y(¥) ={(F2(m)[X] : me 7},
where xe M, hence the problem is to prove that ¢ = y. Now, we shall distinguish
two cases, namely either xeM \ f (W), or xef (W). In the first case we have y(X) =

{9} = o(X), because in f , () there is no pair with x on the first place. In the
second case we have f (n[x']) = (f» (r))[X] whenever x = f (x'). &



5. Examples. As we easily see, the hypothesis that f isinjective is essential in the
above construction of the direct images of horistological structures. However, it is
possible to obtain horistological structures as direct images through some non-

injective functions. For example, functiony : W — 22(97(W)), expressed by

x() ={2(Iy]) : (x, y)eIT\ A},
where IT is atotal order on W, defines a horistology on W. In particular, let us take
W =R? and let IT bethe lexical order of the plane. If f; isthefirst projection of R?,

then f4(y) aso isahoristology on R, which is generated on the same way on W= R

by its usual order. At the same time, other simple examples (e.g. the second
projection f , in the above case) show that, in genera, the direct images of a
horistology on a product space through projections on the components are not
horistologies.

6. THEOREM. Let (W, ¢/ ) be an u.h. space, and let f : W— M be an arbitrary

function. Then the family f < (7)< 22(W?), defined by
f< (%) ={n: 3In' e suchthat nc 5 (n')},
isa horistology on W, namely the finest one for which f is u. discrete.

Proof. We shall prove the conditions [uh;] — [uhs]. Thus, for [uhy], if A and A’
are the diagonals of W? respectively M2, we haven’ N"A’ = & for each 1/ e 57,

hence f5 (') NA = & too, and afortiori 1 NA = @& for each e f < (7).

Condition [uhy] is an immediate consequence of the definition of f < (%), and
[uhs] is directly based on the general relation

f5(n') U t5 (M) = 15 (=" UL)).

In order to prove [uhy], let & be arbitrary in f< (%), i.e.nc f5 (=) for some
n! e 7. Because o7 satisfies [uhy], there exists A’ e =7, which correspondsto
in this condition. Let us note A = f5 (A '), and let ® be another eement of
f< (%) suchthat o 5 (') for some o’ e 7. Fromn’ o’ <A’ we deduce

tow < f5 (1) o f5 (o) c f5 (n'on’) c 5 (1) =

Similarly, ®’ o’ A/ giveswon < .

Finally, we have f ,(n) € 7 for each n € f < (%), i.e. fisu. discrete relative to

f (%) on Wand &% on M. On the other hand, if ©#* is another u.h. on W for

which fisu. discrete, we have f,(n) € o for each n € c/*. Then using the genera
relation

nc f3 (fo(n)),
it followsthat e f < (%), i.e. &7* iscoarser than f < (7). &



7. THEOREM. Let f : W— M be an arbitrary function, and let y be a horistology
on M. Then function y :W — 92(9?(W)), whose value at xe W is defined by
v (X)={P: 3P eyf(x)suchthatP = f < (P)},

is a horistology on W; more precisely, w = < (y) is the finest horistology for

which f isdiscrete on W.
The proof goes through the same stages as those for the above theorem so we will
omit it. A terminology smilar to that of Definition B3 is natural.

8. Definition. We say that the u.h. f < (%) in Theorem B6, and the horistology

f < () in Theorem B7, are the inverse images of the u.h. =7, and respectively of
the horistology ¥, through function f, on W.
9. THEOREM. Let f: W— M be an arbitrary function, and let < be a u.h. on M.
If ¥ isthe horistology generated by <7, then f < (%) exactly generates f < ().
Proof. The inverse image of the horistology y has a base consisting of sets of the
form < (n[f (X)]), where te % and xe W. On the other hand, at each xe W, the

horistology generated by f < (%) has an ideal base consisting of sets of the form
fo~ (m)[X]. It is easy to see that these two bases coincide. &

10. THEOREM. Let W be an arbitrary set, and let J be an arbitrary family of
indices. We suppose that to each ie J there corresponds a u.h. world (M , &7 )

and a function f; : W— M . Then the family =7’ 2?(W?), consisting of all sets
for which thereexist ©; e o/ for eachie J such that
tcn{(f)5 (n;):ieT},

isa u.h. on W, namely the finest one for which all the functionsf; are u. discrete.

Proof. If f,"(=#;) denotestheinverseimage of =7; through f; , then according
to the above Theorem A7, we may consider that <7 = inf { f; (#7) :ie J}.

In order to prove the discreteness of the functionsf; , we may consider f; = 1o g
for eachie J, where theidentity actsast: (W, 7)) — (W, f,< (=#7)), and

gi: (W, i (e4) > My, o)

takes the same values asf; . Consequently, each f; appears as a composition of two

u. discrete functions.
Finally, if c#* isanother u.h. on W, for which all f; are u. discrete, then <7* is

coarser than 7. Infact, if 1 e o77*, thenwefind nt; e o/ for eachie J, such that
(fi)2(n) cm;i, and consequently ©n < (fi)‘z_(ni ). Thenn m{(fi)‘z_(ni ) ieJ},
hencer e o/ foreachieJ. >



The same construction may be done with (non-uniform) horistological worlds, so
we will describe it without proof.

11. THEOREM. Let Wand J be arbitrary non-void sets. To each ie J we attach a
horistological world (M , % i ) and an application f; : W— M; . We claim that
function y :\W — 22(2?(W)), which assigns to each xe W the family of all subsets P
of Wfor which thereexist P; € x (f; (X)) for all ie J, such that

P gﬂ{ f|<_(P|) . iEj},
isa horistology on W, namely the finest one for which all f; are discrete on W.

12. COROLLARY. Under the conditions in Theorem B10, if y ; are horistologies
generated by <7, on M; , then the horistology y, constructed as in Theorem B11
for the same family of J of indexes, coincides with the horistology generated by
c/on W.

Proof. In the above conditions, we have

x=inf{ § (%) i T}
and
o =inf{ £, (17):ieT}.
According to Theorem B9, f;" ( o7; ) generates f; () for each, ie J, hence
the assertion follows as a consequence of Theorem A10. &

13. Remark. Like in the case of the topological structures (see [3], €tc.), we say
that the structures " and y in Theorems B10 and B11 are initial horistological
structures. We may formulate the properties expressed by the mentioned theorems
in terms of function composition, as the following two propositions show.

14. PROPOSITION. Under the conditions of Theorem B10, if (L, ©7) is another
u.h. world, then function h: L—>W isu. discrete relativeto @ and <77 if and only if
fiohisu. discretefor eachieJ.

Proof. If hisu. discrete, then f;ohisu. discrete for each ie J too. Conversdly, if
7 is an arbitrary prospect of &, then L = h,(n) e 7. In fact, because each fioh is
u. discrete, we have (fioh), (r)e c#; foreachie J. Then (f;), (L) e o/, and s0
re £, (o) foreachied. If werecdl that <7 = n{ " (o7;) 1 ie T}, we
really obtain Le 7. &

15. PROPOSITION. Beyond the conditions in the above Theorem B11, let (L, v)
be another horistological world. Then function h: LW isdiscrete at xe L relative
to v and y if and only if all the functions f o h are discrete at xe L in respect to v
and y ;.

We may reason like in the proof of the previous proposition, but referring to non-
uniformly discrete functions.
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C. Horistological subspaces, products and quotients

In essence, this paragraph contains some particular cases when we can apply the
methods of deriving horistological structures as in the previous section.

1. THEOREM. Let (M, &/ ) be an u.h. space, and let us consider W< M. Then
thefamily & < 22(W?), expressed by

Z={m In’ et suchthat n = n’ n W?

iIsa u. horistology on W, namely the finest one for which the embedding of Win M
isuniformly discrete.

Smilarly, if x isa horistology on M, then function vy :W— 22(97(W)), defined by

v (X)={P: 3P ey(x)suchthat P=P’ ~ W},

is a horistology on W, namely the finest one for which the embedding of Win M is
discrete on W.
In addition, if % generatesy on M, then & generates y on W.

Proof. If f : W— M denotes the embedding f (x) = x, then L "W?= f5— (A) for
each . = M?, hence &= f < (=%). We only mention that, because f is injective,
the family { f5~ (1) : A e &7} isanideal, but not only an ideal base.

We may similarly seethat y = < ().
The last sentenceis a corollary of Theorem BO. &

2. THEOREM. Let W be a subset of M. Then each u.h. &7, on W, considered as
afamily of parts of M?, isa u.h. on M too (noted =7y, ).

Smilarly, if ywisa horistology on W, then function yy : M— 22(9?(M)), defined
at each xe M by

() = {;(W(x) .|f xeW
{2} if xeM\W
Is a horistology on M: more exactly, it is the coarsest one for which the embedding
of Win M isdiscreteon W.

In addition, if &7\, generatesyw on W, then o/, generates yy on M.

Proof. The embedding f (x) = x of Win M isinjective, so we may consider that
c/#'w 1sthe direct image of 7, through f, asin Theorem B1. Similarly, yv isthe
direct image of y through f, in the sense of Theorem B2. The last assertion Ssmply
follows from Theorem B4. &

3. Remark. Like in topology, it is natural to say that (W, <) in Theorem Clisa
uniform horistological subspace of (M, <#”), and (W, ) is a horistological
subspace of (M, x). Considering over-spaces (as in Theorem C2) seems to be more
significant for horistological than for topological structures.
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The construction of a product of (u.) horistological spaces is a direct issue of
Theorems B10 and B11. Infact, if W=X{M;:ieJ}, and f; denotes the projection
of W on the component M ; , then (W, &%) from Theorem B10 exactly represents
the product u.h. space of the u.h. spaces (M, /), ie J. Under similar conditions,

(W, ) of Theorem B11 isthe product of the horistological spaces(M;, xi),i€J.
The study of the quotient horistological structures cannot be simply reduces to the
constructions described in section B (see for example B5), and some additional
conditions are necessary. For the sake of clarity, we start by specifying the usual
notations. So, if 6 is an equivalence relation on W, then we note the corresponding
equivalence classes by X = 06[x]. For each part P W, we note its equivalence

extension by P ={ X :xe P}, and for each nc W? wewrite 7= {(X, ¥):(X, y) en}.
Finally, for each family <7 c 22(W) (or § < 27(W?)) we note F = { P: Pec 7'}
(respectively § ={7:neF}).

4. Definition. We say that arelation T on Wis stable relative to the equivalence 6
iff Bor —cn and o6 — = . Similarly, a family § of relations on W is said to be
stablerelativeto 0 iff each of its elementsis so.

5. THEOREM. Let (W, <) be an u.h. space, and let 6 be an equivalence on W.
If a base B of &7 is stable relative to 0, then 93 forms a base of a uniform
horistology on W. This u. horistology (noted % and called quotient of < by 0)

is independent of the choice of the stable base @3, and it is the coarsest u.h. on W

for which the canonical function x — X is uniformly discrete.

Proof. Because the canonical map x — X is not generally injective, we may not
apply Theorem B1, and therefore we must directly verify the conditions that define
theideal base of au. horistology.

The former condition means A "% = @& for each ne 2. In fact, if we suppose
the contrary, from (X, y)e A N it follows X = ¥, hence there exists at least one
element ze X such that (z, 2) e, whichisimpossible.

The property of 9 to be an ideal base asks for any A, TeRB tofinddeRB
suchthat » U & c ®. Obvioudly, it follows from the same property of 93 .

The last condition exactly is [uhy]. In order to prove it, let © be an arbitrary
element of @5, and let e 98 be the prospect for which too <A and won <A
for al we JB . It is easy to see that A isthe required element, i.e. To o » and
dorc A holdforal @e % . In fact, because 7 is stable base relative to 0,
from(X, Z)e T and (Z,y)e ® wededucethat (x',z') erand (z',y’) e for al
x'e X,y' ey and z' e 7. Consequently, (x', y')en, hence (X, ¥)e X.

We may similarly obtain & o % < \.
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Findly, if 93, and 93, are stable bases of =77, then ”%’1 and @ng are equivalent

ideal bases, hence =7 is unique.
In addition, the canonical application q(x) = X isu. discrete because te <77 gives

go(n)=me 7 . Itisaso clear that every u.h. on W, for which function gisu.
discrete, must be finer than the quotient u. horistology. &

6. THEOREM. Let (W, x) be a horistological world, and let 6 be an equivalence

relation on W. If y has a base 3 such that relation

nxp={(X,y):yeP}
isstablerelative to 0 for each P € B(x) and xe W, then function

B:W - P(P(W)),
defined by

B(X)={P:PepX},
is a base for a horistology on W (noted ¥ and called quotient of y by 6). The
horistology % does not depend on the choice of the stable base 8, and it may be
characterized as the coarsest horistology of W for which the canonical application
g(x) = X isdiscrete on W.

Proof. Under the above stated conditions it is clear that two equivaent e ements
have the same perspectives in the base 3 and each perspective of this base includes
the whole class X whenever it contains x.

The effective proof consists in showing that E Is a base of a horistology; being
similar to the above one, we will omit the details. &>

7. COROLLARY. Let (W, /) and 6 belikein Theorem C5, and let =7 generate
the horistology . Then y satisfies the hypotheses of Theorem C6, and the u.h. o
generates y .

8. Remark. The question concerning the proper orders of the derived (uniform)
horistologies has the following simple answer:

a) If IT is the proper order of =% (or ) in Theorem C1, then ITNW? is the proper
order of & (respectively of v ).

b) The construction of an over-space extends the initial proper order by identity
on the greater space.

c) The proper order of a product of horistological structures is the product of the
corresponding proper orders of the factors.

d) If IT isthe proper order of =77 in Theorem C5 (or y in Theorem C6) then is
the proper order of the quotient =77 (respectively ).

The last problem that we will discuss here concerns the metrizability of the
derived horistological structures.
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9. THEOREM. Every u. horistological subspace (or over-space) of a metrizable
u.h. space is metrizable too.

Proof. Using the notationsin the first part of Theorem C1, the problem is to show
that < ismetrizable (in the sense of [1] (I1) A5b, A9, etc., i.e. by (p) horometrics)

whenever o7 is. Let 6 : II—>R ™ be a p-horometric that generates 7" on M. Then
Q =TINnW?isan order on W, and therestriction p of c toW, i.e. p : Q>R " | isa

p-horometric on thisset. If 7, and o, are the hyperbolical prospects of radiusr >0
corresponding to ¢ and p, then o, =, "W?, hence p generates <.

The affirmation concerning the extension follows from the fact that we may
extend each p-horometric 6 : TT>R ¥ of M, to an over-space L oM. In fact, if Ais

the diagonal of L, and A = ITUA, then the p-horometric 6 : A—R ", of the form

0 if (X,y)eA
o(xy)= .(w
o(x,y) if (x,y)ell,
defines the same hyperbolical prospects. &

10. THEOREM. Every finite product of metrizable u.h. spacesis also metrizable.
Proof. Like in the above Remark C3, let ustake W= X{M:ieJ}, and let us
note by f; the projection of W on M ; . Using the hypothesis of metrizability, for
each (M, &#; ) we can find ap-horometrics; : I1; >R ", which generates o7 .
If IT denotes the product order of IT;, then the functionals G;: IT—R ", defined by
6 (X )kers (Yj)jez) =oi (Xi,Yi),
are p-horometrics on W. It is not difficult to see that each o; generates on W the
inverse image ;" ( &#; ). According to Theorem B10, the product u. horistology
o/ on W alows the form
o =inf{ £, (1) ieT}.
So it remains to apply Proposition A16, which showsthat 6 : TT>R ", of values
o(x, y)=inf{o;(x,y):ieJ},
exactly generates 7" when J isfinite. &

11. Definition. Let (W, I, o) be a p-horometric space, and 6 be an equivalence
relation on W such that IT is stable relative to 6. We say that the p-horometric ¢ is
stable relativeto 0, iff

(% y) =o(x’,y")
whenever (x, x'), (y, y') €6. Inthiscase, the functional 5 : [T >R ", defined by
5 (X, y)=o(xY),
where x e X, and y € Yy, is a p-horometric. We call it quotient p-horometric of o
relative to 0.
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12. THEOREM. Let (W, I1, o) be a p-horometric space for which o is stable
relative to an equivalence relation 6 on W. Then the u.h. &7, generated by ¢, hasa
stable base relative to 6, and the quotient p-horometric ¢ generates the quotient
uh. <% onthe quotient space W .

Proof. The family 93 of all hyperbolical prospects in respect to ¢ obvioudy is
stable relative to 6 and forms a base of 7. If

e ={(Xy) eW?: 5(x,y) > r},
wherer >0, isan arbitrary element of 73, then
i ={(X, ¥)eW?: 5(X, §) 2 1},
hence % has a base consisti ng of all hyperbolica prospects generated by the p-
horometric o . >

Of course, the present study of the operations with spaces (worlds) endowed with
horistological structures is far from being complete, but when necessary, making
use of similar methods, we may investigate the other cases (e.g. direct sums,
function spaces. etc.).
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